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Abstract.- The abelian Chern-Simons system is treated as a constrained
system using the Hamilton-Jacobi approach. The equations of motion are
obtained as total differential equations in many variables. It is shown that
their simultaneous soultions with the constraints lead to obtain canonical
phase space coordinates and the reduced phase space Hamiltonian with out
introducing Lagrange multipliers and with out any additional gauge fixing
condition.
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1 Introduction
Dirac method treatment [1, 2] for the abelian Chern-Simons field interacting
a scalar field in 2+1 dimensions has been widely discussed by many authors
[3-10] in connection with particles obeying fractional statistics or ”anyons”.
The presence of constraints in such theories require care when applying
Dirac’s method, especially when first class constraints arise, since the first
class constraints are generators of gauge transformations which lead to the
gauge freedom and one should impose external gauge fixing condition for
each first class constraint. Such gauge fixing is not always an easy task, for
example some authors [10] propose to use the coloumb gauge (~∇· ~A = 0)
in order to obtain the equations of motion and the correct reduced phase
space Hamiltonian for Chern-Simons system. Other authors [8,9] propose
a wrong gauge fixing (A0 = 0) to obtain the correct reduced phase space
coordinates.
In this paper we would like to use the canonical method [11-14] to obtain
the equations of motion and the correct reduced phase space Hamiltonian
for an abelian Chern-Simons field system interacting with scalar field in
2+1 dimensions. The equations of motion are obtained as total differential
equations in many variables. If the system is integrable, then one can con-
struct a valid and a canonical phase space coordinates without using any
gauge fixing conditions.
2 The Hamilton-Jacobi method of constrained
systems
In this section, we briefly review the Hamilton-Jacob method [11-14] for
studying the constrained systems.
This formulation leads us to obtain the set of Hamilton-Jacobi partial
differential equations [HJPDE] as follows:
H
′
α(tβ , qa,
∂S
∂qa
,
∂S
∂ta
) = 0,
α, β = 0, n− r + 1, ..., n, a = 1, ..., n− r, (1)
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where
H
′
α = Hα(tβ , qa, pa) + pα, (2)
and H0 is defined as
H0 = pawa + pµq˙µ|pν=−Hν − L(t, qi, q˙ν , q˙a = wa),
µ, ν = n− r + 1, ..., n. (3)
The equations of motion are obtained as total differential equations in
many variables as follows:
dqa =
∂H
′
α
∂pa
dtα, dpa = −
∂H
′
α
∂qa
dtα, dpβ = −
∂H
′
α
∂tβ
dtα. (4)
dz = (−Hα + pa
∂H
′
α
∂pa
)dtα; (5)
α, β = 0, n− r + 1, ..., n, a = 1, ..., n− r
where z = S(tα; qa). The set of equations (4,5) is integrable [11,12] if
dH
′
0
= 0, (6)
dH
′
µ = 0, µ = n− p+ 1, ..., n. (7)
If condition (6,7) are not satisfied identically, one considers them as new
constraints and again testes the consistency conditions. Hence, the canoni-
cal formulation leads to obtain the set of canonical phase space coordinates
qa and pa as functions of tα, besides the canonical action integral is obtained
in terms of the canonical coordinates.The Hamiltonians H
′
α are considered
as the infinitesimal generators of canonical transformations given by param-
eters tα respectively.
3 An abelian Chern-Simons as a constrained
system
We consider an abelian Chern-Simons system as an example of the appli-
cations of Hamilton-Jacobi procedure to treat constrained systems. The
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Lagrangian density for Chern-Simons field interacting a scalar field in 2+1
dimensions is given by
L = (Dµφ)
∗(Dµφ)−m2φ∗φ+
κ
2
ǫµνσA
µ∂νAσ, (8)
where
Dµ = ∂µ − ieAµ. (9)
The canonical momenta are defined as
πµ =
L
∂A˙µ
=
1
2
κǫ0µρA
ρ, (10)
pφ =
L
∂φ˙
= (D0φ)
∗ = φ˙∗ + ieA0φ
∗, (11)
pφ∗ =
L
∂φ˙∗
= (D0φ) = φ˙− ieA0φ. (12)
The non vanishing Poisson brackets are
{φ(~x, t), pφ(~y, t)} = δ(~x− ~y), (13)
{φ∗(~x, t), pφ∗(~y, t)} = δ(~x− ~y), (14)
{Aµ(~x, t), πν(~y, t)} = δ
µ
ν δ(~x− ~y). (15)
Upon quantization, these brackets have to be converted into proper com-
mutators.
The canonical momenta πµ conjugated to Aµ lead us to the primary
constraints
H ′1 = π0 = 0, (16)
H ′2 = π1 −
1
2
κA2 = 0, (17)
H ′3 = π2 +
1
2
κA1 = 0. (18)
The canonical Hamiltonian H0 can be written as
H0 =
∫
d2x[pφ∗pφ + A0(κ~∇× ~A− j0) + ~∇φ
∗·~∇φ (19)
−ie ~A·(φ∗∇↔φ) + e2| ~A|2|φ|2 +m2|φ|2], (20)
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where
~A = (A1, A2), ~∇ = (∂1, ∂2), ~∇× ~A = (∂1A
2 − ∂2A
1), (21)
and
j0 = ie(pφ∗φ
∗ − pφφ) = ie(φ
∗D0φ− (D0φ)
∗φ). (22)
Now the canonical method leads us to obtain the set of Hamilton-Jacobi
partial differential equations as:
H ′0 = π4 +H0 = 0; π4 =
∂S
∂x0
, (23)
H ′1 = π0 = 0, π0 =
∂S
∂A0
, (24)
H ′2 = π1 −
1
2
κA2 = 0, π1 =
∂S
∂A1
, (25)
H ′3 = π2 +
1
2
κA1 = 0, π2 =
∂S
∂A2
. (26)
The equations of motion are obtained as total differential equations in
many variables as follows:
dφ =
∂H ′0
∂pφ
dx0 +
∂H ′1
∂pφ
dA0 +
∂H ′2
∂pφ
dA1 +
∂H ′3
∂pφ
dA2,
= (pφ∗ + ieA0φ)dx
0, (27)
dφ∗ =
∂H ′0
∂pφ∗
dx0 +
∂H ′1
∂pφ∗
dA0 +
∂H ′2
∂pφ∗
dA1 +
∂H ′3
∂pφ∗
dA2,
= (pφ − ieA0φ
∗)dx0, (28)
dpφ = −
∂H ′0
∂φ
dx0 −
∂H ′1
∂φ
dA0 −
∂H ′2
∂φ
dA1 −
∂H ′3
∂φ
dA2,
= (( ~D· ~Dφ)∗ −m2φ∗ − ieA0pφ)dx
0, (29)
dpφ∗ = −
∂H ′0
∂φ∗
dx0 −
∂H ′1
∂φ∗
dA0 −
∂H ′2
∂φ∗
dA1 −
∂H ′3
∂φ∗
dA2,
= (( ~D· ~Dφ)−m2φ+ ieA0pφ∗)dx
0, (30)
dπ0 = −
∂H ′0
∂A0
dx0 −
∂H ′1
∂A0
dA0 −
∂H ′2
∂A0
dA1 −
∂H ′3
∂A0
dA2,
= −(κ~∇× ~A− j0)dx
0, (31)
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dπ1 = −
∂H ′0
∂A1
dx0 −
∂H ′1
∂A1
dA0 −
∂H ′2
∂A1
dA1 −
∂H ′3
∂A1
dA2,
= (−κ∂2A
0 + j1)dx
0 −
1
2
κdA2, (32)
dπ2 = −
∂H ′0
∂A2
dx0 −
∂H ′1
∂A2
dA0 −
∂H ′2
∂A2
dA1 −
∂H ′3
∂A2
dA2,
= (κ∂1A
0 + j2)dx
0 +
1
2
κdA1, (33)
where
ji = ie(φ
∗∂i
↔φ− 2e2Ai|φ|2 = ie(φ∗Diφ− (Diφ)
∗φ), (34)
are the space components of the current jµ = ie(φ
∗Dµ
↔φ and we use the
notation φ∗Dµ = (Dµφ)
∗.
To check whether the set of equations (27-33) is integrable or not, we
have to consider the total variations of the constraints. In fact
dH ′2 = (−κ∂2A
0 + j1)dx
0 − κdA2 = 0, (35)
dH ′3 = (κ∂1A
0 + j2)dx
0 + κdA1 = 0. (36)
The constraints (25,26), lead us to obtain dA1 and dA2 in terms of dt
dA1 = (−∂1A
0 −
j2
κ
)dx0, (37)
dA2 = (−∂2A
0 +
j1
κ
)dx0. (38)
The vanishing of the total differential of H ′1 leads to a new constraint
H ′4 = (κ~∇× ~A− j0). (39)
Taking the total differential of H ′4 leads to the conservation of current
∂µj
µ = 0. (40)
The set of equations (27-33) is integrable. Hence, the canonical phase
space coordinates (φ, pφ) and (φ
∗, pφ∗) are obtained in terms of parameters
(t, A0). Besides, the reduced phase-space Hamiltonian can be calculated as
H0 =
∫
d2x[pφ∗pφ + ~Dφ
∗
· ~Dφ+m2|φ|2], (41)
where
~D = ~∇+ ie ~A, (42)
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4 Conclusion
The basic idea of Dirac’s method to investigate an abelian Chern-Simons
system is to consider the total Hamiltonian composed by adding the con-
straints multiplied by Lagrange multipliers to the canonical Hamiltonian.
In order to derive the equations of motion, one needs to redefine these
unknown multipliers in an arbitrary way [8-10]. However, in the Hamilton-
Jacobi method [11-14], there is no need to introduce Lagrange multipliers
to the canonical Hamiltoian.
In this paper we have obtained the canonical phase space coordinates
and the reduced canonical Hamiltonian for an abelian Chern-Simons system
with out using any gauge fixing condition.
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